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PERIODS OF ITERATED INTEGRALS OF HOLOMORPHIC

FORMS ON A COMPACT RIEMANN SURFACE

BY

SHU-YIN HWANG-MA

Abstract. Holomorphic forms are integrated iteratedly along paths in a compact

Riemann surface M of genus g, thus inducing a homomorphism from the funda-

mental group T = trx(M, P0) to a proper multiplicative subgroup G of the group of

units in 7XÍ21*), where Í21 denotes the space of holomorphic forms on M, Q1' is the

complex dual of Q1, T means the associated tensor algebra and """ means

completion with respect to the natural grading. The associated homomorphisms

from r/r<" + 1) to G/Gi"+l) reduces to the classical case HX(M)-*Q1' when

n = \. We show that the images of r/r<"+1) are always cocompact in G/G("+"

and are discrete for all n > 2 if and only if the Jacobian variety J(M) of M is

isogenous to Es for some elliptic curve E with complex multiplication.

The point of view taken here is suggested by Parsin's paper [4], although that

paper does not contain any result beyond the construction of a homomorphism.

Also the cocompactness of the image of r/r("+1) in G/G(n+X) follows from general

results of Sullivan [8] and Chen on a similar setting for "real" differentiable

manifolds and "real" nilpotent groups; however we give a different proof.

1. Iterated integrals. All maps and forms are assumed to be complex analytic

here; tensor products are taken over C and linear means complex linear.

Let T = T(Q1') and T0 be the group of units in T. We will write elements in T as

formal infinite series l0 + /, + l2 + ■ ■ ■ with lj G ®y Q1*; then T0 consists of

elements with leading coefficient 1.

Definition. An element / = 2/„ G T is called a Lie element if /„ = 0 and

/„ = combination of [X¡,. .., X¡ ]'s where {Xx, . . . , Xg) is a base for £2'* and

[xh,xh) = x. ®xh- x,2® xv     [xit,...,xj =[[xh,...,X,J,x¿\.

Chen [1] proved that the formal power series

iog(i+ 2  2«0„...,/n)*„®--- ®xi)

js a Lie element if the coefficients a(ix, . . . , in) are given by successive integration

along a path.

G = {/ G T|log(/) is a Lie element} is a subgroup of T0. We note that the

filtration {G(n)} is induced by the pullback of the natural filtration on T under the
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log map. Setting ÍF = the free Lie algebra generated by Í2'*, ÍF is the set of all Lie

elements in T. We see that §„/%n+x = G(n)/G("+I) and

Í/Í+1 -[[••• [Q1*, ß1*], ß'*], - ., ß1*]        (« times).

({§„} is the natural grading of £F.)

Let y6T and associate with it a collection of «-linear functionals <j>„ of

holomorphic 1-forms as follows:

<Po(y) = l»        «Í>i(y)(w) = fco =  f y*co,
■'t ^

<¡>n(y)(ux, . . . , coj = f (y")*(co, ® ■ ■ • ®un) = fux®- ■ ■ ®u„

where n > 0 and 5^ = {(í„ . . . , tn) G 7"|0 < tx < ■ ■ • < tn < 1). Each <f>„(y) can

be regarded as an element of ®" (Qx'). Then we get a homomorphism p from T to

T0 induced by the <i>,'s (Parsin [4]). As in Ree [7], one can show that p(y) G G for

all y G T. Thus we arrive at a group homomorphism p: T-> G where G/G(2)

-01*.

2. Main results. We will choose on M once and for all g pairs of crosscuts

Ax, Bx, . . . , Ag, Bg affording a canonical dissection of M. Then T = itx(M, P0) =

(Ax, . . . ,Ag, Bx, . . . , Bg\Uf_x[Aj, Bj] = 1>. And let ux, . . . , ug be the normalized

base of fi1 w.r.t. Ax, . . . , Ag, Bx, . . . , Bg; Xx, . . . , Xg be the base for ß1* dual to

to,, ... , ug. Z will denote the normalized period matrix (z¡j) where z# = jB co,.

Define to[z] = co, and

u[ix,...,in] = »[/„ ...,/„_,] ®u[in] -u[i2, ...,/„] ®«[i,].

By a direct computation (or Ree [7]), one sees

[Xh, ..., X¿(uJx ® ■ ■ ■ ®ujj) = {Xix ®--- ®Xi)(u[jx, . . . ,jn})

and

[Xh, ..., X,Ju[jx, . . . ,jn]) = n(Xti ® ■ ■ ■ ®Xij)(u[jx, . . . ,jn]).

So we can identify G(n)/G("+1) with (u[jx, . . . ,jn]\(Jv ■ ■ ■ Jn) e O* where / =

{l,...,g}".

We define [y„ . . . , yj = [[ . . . [y„ y2], y3], . . . , yj for y„ . . . , yn G T and ob-

serve that

KKv---'^J) =[*,,'•--'^J    nrodGí—).

Further pfl^, . . . , A}¡¡ ,, 5J) = Z^JA},, . . . , XÁ¡, Xk].
Let /' be a subset of / such that the monomials

[<••'•-.*Jo..«.r (D
form a (complex) basis of the vector space of homogeneous Lie elements of degree

n; that is, the space G(n)/G("+1). Then since the imaginary part of the period

matrix (z¡j) is invertible, the set

(2)
(*,.UW

^j zi„k^k
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is also a complex basis, and the sets (1) and (2), taken together, form a basis of the

real vector space G(n)/G(n+X).

Proposition 2.1. p(T(n)) is cocompact in G(n)/G("+1).

If Z = (zy) has entries in Z(V— a ) for some a G N, then it is trivial that p(T(n))

is discrete in

G(")/G("+1). (3)

But since the image of r(n) in (3) is always finitely generated, an argument using a

common denominator of the generators allows the same conclusion whenever the

entries of Z lie in Q(V— a ). So we have

Proposition 2.2. If Z G Mg(Q(V — a ))for some a G N, then the image o/r(n) is

discrete in G(n)/G(n+I).

For the converse, we first show

Proposition   2.3.   //  the   image   of T(2)   is   discrete   in   G<2)/G(3),   then   all

z¡j G Q(V — a ) for some a G N.

log

Proof. G(2)/G(3) » [S21*, fi1*] s [ß1, fi1]*. By the proof of Proposition 2.1 and

the discreteness of p(r<2)) in G(2>/G<3), every element in the image of F<2) must be a

rational combination of

p([Ait Aj}) = A,    and    p{[A„ Bj\) = S„ mod G<3>,        1 < j < i < g.

Write p(L4„ Bk]) = 2/>yX*^ + S^M*^ where 1 < * < g, \k, tf G Q.

Taking the value at [co,, un], 1 < n < g:

Zkn~   ~~\\   ~   2j   VitfZjV

212 = —^i — M2i^ii'        (k,n) = (l,2);

*u = -\!. - S fa»,       ik, n) = (1, »); (2.3.1)
j<n

inductively, we see zXn is a rational combination of 1 and zxx for « > 1; (2.3.1) then

shows zkn is a rational combination of 1 and z,,. Therefore, all ztj G Q + Qz,,.

Z = A + Bzxx with A and B in Mg(Q).

Writez,, = x,, + V- 1 .y,, with xxx,yxx G R and v,, > 0;

P([ *„ fi*]) s 2 (í<A/ + 45íí).        ̂  dy G Q;

taking value at [um, u„]:

Z\mZkn ZkmZ\n Cnm    '      2-i   "mjZjn 2j      rVZjm
j<m j<n

is a rational combination of 1 and z,,.

Let (m, ri) = (1, 2), (1, k) = (1, 2); we have

zxx(a22 + b22zxx) - (ax2 + bX2zxx)  = a + bz
2
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where a«, by, a, b G Q. So

a + bzxx = -a\2 + {a22 - 2aX2bX2)zxx + (¿>22 - b\j)z2xx,

Thus z,, satisfies a quadratic equation over Q, z,, = x + vV— a for some x and

/ in Q, a £ N and y > 0. And hence % E Q(V- a ) for all i,j = 1,2, . . . , g.

Q.E.D.

Proposition 2.4. p(r) is a lattice in G/G(n+X) for all n > 2 if and only if the

image of T<n) is a lattice in G(n)/Gin + X) for all n > 2.

Proof. If p(T(n)) is a lattice in Gin)/G(n + X) for all n > 2, then the cocompactness

of the image of T in G/G<-"+,) follows by induction from the fact that

G/(G(n + 1)- r)^G/(G(n)- r)

is a fibration with compact fibre.

To show the discreteness of p(r) in G/G{n + X) we define H to be G(,,)/G("+1) n

Image of Y and note that H is closed. We first show that H is discrete in

G(n)/Gin + X), hence in G/G(n+1).

(jWygln+i) is a vector space over C and p(r(n)) is discrete and cocompact in

G<n)/G(" + I), H D p(Tin)) contains 2 X dimcG(n)/G(n+1) linearly independent ele-

ments over R, say, ax, . . . , as. It suffices to show every element in H is a rational

combination of a,, . . . , as.

Assuming the negation, we can find an element a G H, a = "SJJ_xXjai where

/'„..., i, G {1, . . . , s) and distinct A,, . . . , \ G R\Q. Then, for any c G [0, 1],

there are sequences of integers n,, mk,j =1,2,...,   k = 1, . . . , Csuch that

t

na +  "T. mka¡ —> ca,  + a'    as/' -> oo
k=\

where a' is a real combination of a,, ... , a¡. Because H is closed, ca¡ + a' G H
'2 'i '\

and H contains uncountably many elements. But H G p(T/Ti''+X)) where T/T<" + X)

is a finitely generated nilpotent group, hence countable. We conclude that H is

discrete.

Now to show p(r) is discrete in G/G("+1), we let b0 G p(r/r<"+1)) and image of

b0 in p(r/r(n)) be c0. There is an open neighborhood V of c0 in G/G^ such that

V n P(T/T<n)) = {c0}. If b G p(T/Tin + x)) n preimage of V in G/G(n+1), then

b ~ xb0 G H. Since H is discrete, there is an open neighborhood U of the identity e

in G/G(n + X) such that U n p(r(n)/r("+1)) = {e}. b0U n preimage of V is then an

open neighborhood of b0 in G/Gin + X) and contains no other elements of

p(r/r(n+1)). Therefore p(T/r(',+1)) is discrete.

Conversely, assume p(r) is a lattice in G/G<-"+X) for all « > 2; we have to show

PÍI*0) is a lattice in G("'/G(n+1) for all n > 2. In view of Proposition 2.1 we only

have to show the discreteness, but this is obvious.    Q.E.D.

So we have proved the main theorem:
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Theorem 2.5. The image ofT under p is a lattice in G/G(-n + X) for all n > 2 if and

only if Z G Mg(K) for some imaginary quadratic field K.

The condition in the prior theorem can be interpreted as a condition on the

Jacobian J(M) by the following

Proposition 2.6. Z G Mg(K) for some imaginary quadratic field K if and only if

J(M) is isogenous to E8 where E is an elliptic curve with complex multiplication by an

order in K.

The proof of this proposition is nothing more than an easy checking of the

definitions.

3. Examples. Fist we remark that the condition in Theorem 2.5 is neither null nor

redundant. To be more precise, the Klein surface given by the equation x3y + y3 +

x = 0 has a normalized period matrix

Z =

1      3V7   .
^ + —7^1

V7

V7
4

3      V7
x + ^^i

i     V7
^ + -x—*
2        2

1
4

V7

V7

V7 7      3V7   .

8+—'

(Rauch and Lewittes [6, pp. 297-308]) where one sees that all z„ G Q(V— 7 );

while the Riemann surface of y2 = x6 — x has a normalized period matrix

Z =

1 - VI + /'\/l0 + 2 VI 2 - VI + ¡VlO- 2V5

3 - VI + /VlO-2VI /VlO- 2 VI

(Rauch [5, pp. 105-108, 155-159]) where Z g M2(K) for any imaginary quadratic

field K.

By the results in Koblitz [3], we are able to list all the Fermât curves whose

Jacobians are isogenous to E8 for some elliptic curve E with CM.

(3.1) The Jacobian Jd of the Fermât curve xd + yd = 1 is isogenous to E8 where

g = (d — l)(d — 2)/2 for some elliptic curve E with complex multiplication if and

only if d = 3, 4 or 6.
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